A substructure transfer matrix method for the dynamic analysis of multi-Rotor systems and complex composite systems is presented. When calculating, the rotor system should be decomposed into several single rotor shafts (substructures). Corresponding unknown external loads and deflections are applied to the separated surfaces, rigid support sections and ball joint sections respectively to replace the original connections. According to the connective and boundary conditions of the whole rotor system, a system of equations is established, from which the frequency equation results. The calculating formulas of vibration modes and of unbalanced response will be easily formed by linear combination method. All computations are performed with the transfer matrix method. This method is intelligible, readily programmed and much simpler than the current transfer matrix method and modal synthesis method.
INTRODUCTION
Prohl and Myklestad transfer matrix method is widely used in dynamic analysis of rotor systems because of its simplicity. But if there are some rigid supports and/or ball joints on the shaft, the shaft must be divided into several spans while calculating. By applying connective or boundary conditions to the final end of the span, one or two equations are established from which one or two unknown parameters at the beginning end of the span will be obtained, and the un-, known parameters at the final end of the span are then introduced into the equation as some new initial parameters of the next span, and the like. Such derivation and calculation steps are rather complicated, and the transfer matrices are no longer in the same pattern, therefore the programming is complicated and inconvenient.
For multi-rotor systems, with this method the parameters of different rotors would be coupled together many times. This makes prohl and Myklestad method much more complicated. Besides, Prohl and Myklestad method is impossible for dynamic analysis of complex composite rotor systems such as those shown in fig.1 .
Fig.1. Some complex composite rotor systems
In view of the defects mentioned above, a substructure transfer matrix method is presented in this paper.
The multi-rotor systems or the complex composite systems are separated into several single rotor shafts (substructures). Corresponding unknown external loads are applied to the separated surfaces and rigid support sections and unknown angular deflections to the ball joint sections to replace the various original connections.
Every single rotor shaft is divided into many elementary rotors with the sta., tion numbers. Then the expression of the transfer matrix of elementary rotor and the relationship of the state parametric column matrices of the elementary rotor ends (i.e. two adjacent stations) may be written. From this the relationship of state parameters between any two stations will be derived.
According to the connective and boundary conditions of the whole system, a system of equations is established, from which the frequency equation results. The mode shapes and unbalanced response will be readily obtained with some further calculations.
The substructure transfer matrix method for rotor dynamic analysis is very simple, intelligible and more readily programmed. It has the same accuracy as that of the current transfer matrix methed and is much simpler than the modal synthesis method.
STATE PARAMETRIC MATRICES
Let us consider a single rotor shaft shown in fig.2(a) . The modeled rotor in fig.2 (b) has eight stations and seven Fig.2 The single rotor shaft system elementary rotors. Both the ends of the rotor shaft are free, if not, make it free by adding very short shaft segments to the ends. The rigid supports and ball joint have been replaced with external unknown forces R3,R6 and deflection AO .
A complete elementary rotor consists of a weightless shaft segment and on its left end concentrated a lumped mass, a disk and a flexible support. Some components of the elementary rotor may be absent. The relationship of the state parametric column matrices of the two ends of an elementary rotor may be expressed as P i =U i,i-1 •P i-1
Where is the transfer matrix of the elementary rotor between i and i-1 stations. It is of order 4x4 or 8x8, and is a function of the rotor construction and processing speed. For an axisymmetrical rotor support system, may be written as equ. (2) Where qx is a given unbalanced force, which is treated mathematically as an unknown initial parameter. If some of the initial parameters at the station before i-th one are absent, set them to zero. When establishing equ.( 5), no damping force is accounted for. If there exsist damping force which may be treated mathematically as the unbalanced force, the vibration displacement and the unbalaced force are not in the same direction. Hence it will lead to a two dimensional problem. all quantities will be considered as complex numbers when calculating. But the computing 1? , 1+
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When some of the components of the elementary rotor are absent, the coresponding parameters in the matrix are set to zero. All the elementary transfer matrices are of the same pattern. From equ.
(1) the relationship of the state parametric column matrices between ith and k-th stations will be derived to bo i-1,i-2 k+1,k. k ( ) and consequently (1> K) rk ,ork P. =U.
•U.
LIk+1,k"-k Where rk represents some initial parameter at k-th station. The external loads and deflections are considered as initial parameters.
P k is the unitary state parametric column matrix, of which the state parameter rk is unit and the other state parameters at k-th station are zeros.
Pik is the state parametric column matrix of i-th station resulting from Prk As an example assume k=3 (see fig.2 ), R 3 = 3 i -Q 3 =1, y 3 =03=M3 =0, then the r may be computed by equ.(4). The rotor system discussed here is assumed to be linear, therefore the state parametric column matrix resulting from R 3 will be R 3 Similarly the state parametric column matrix of i-th station resulting from several initial parameters at different stations ahead of i-th one of the linear rotor system shown in fig.2 will be rk y1 ", -01 -R3 + P.=2 .P--q pq x +y P +u r-+n Pkl -xi 1i 11 3
method is similar to that of no damping.
For simplicity the damping forces are not considered in this paper.
DYNAMIC ANALYSIS OF COMPLEX SYSTEMS AND MULTI-ROTOR SYSTEMS
The multi-rotor system is one type of the complex systems usually encountered. The unbalanced force of each rotor of the system may excite the system to vibrate and cause the resonance. The critical speeds (i.e. the resonance speeds) excited by different rotors are not identical. The method for calculating these critical speeds excited by different rotor imbalance is the same with the only exception of calculating the values of inertia forces of masses and gyrosopic moments of disks. It is well known that for an axisymmetrical rotor system:
Where S2 is the vibrating frequency. At any time, all rotors have the same value of S2, which is equal to the rotating speed of the exciting rotor, but the other parameters in equation (6) are different for different rotors.
Partition the multi-rotor system or the complex system into several single rotor shafts, and replace the original connections with transverse forces and sometimes also moments. For a common dualrotor system, it may be partitioned at the sections of inter-shaft bearings, which may be considered as rigid joint connectiors or flexible connections, and should be Lot us consider an axisymmetrical dual-rotor systen. shown in fig.1(a) . The model after partitioning is shown in fig.3 .
upper -alf rotor is the high presure rotor aha the lower 11.1_f is the low pressure one. More are three rotor shafts: I,F, and with 11 unknown initial state parametorp:
According to the 11 connective and boundary conditions of the system: M 6 =00 
M13 +R1)
_p.
Note that, whenever some initial parameters ahead of i-th station are absent, set them to zero. When calculating critical speeds, set the unbalanced forces q and q ; to zero. By setting the determinant formZd from the coefficients of the unknown initial state parameters of system of equations( ') to zero, the frequency equation will be obtained. The critical speeds of the system may be computed by an iterative search method.
By Setting q,=q,=0 and y 1 =1, we can calculate the viloY.atihg modes from equ. (8 ),
in which the unknown initial parameters are determined from system of equations (7 ).
Since the rotating speed of the high pressure rotor and that of the low pressure rotor are not equal, The responses excited by these two rotors must be calculated separately.
When calculating the response excited by one rotor shaft.
set the unbalaced forces on the other component shaft to zero . The response may be calculated from equ.( 3), in which the unknown initial paramters are obtained from the system of equations( 7 ).
The total response excited by these two component rotor shafts may be found by adding vectorily the responses excited by the individul component shafts.
The whole computation of the analysis of a complex composite rotor system may be basically completed with a common computer program for the dynamic analysis of a single rotor shaft.
COMPUTING EXAMPLES Ex .1. Calculate the critical speeds and vibrating modes of the dual-rotor system shown in fig.4 .The intershaft bearings and all other support bearings are assumed to be rigid joints. The relationship of the rotating speeds of these two rotors is shown in fig.5 . and it can be changed. +0 1 M 9 +R 3 M 9 +ABM9 +R 6 M 9 +R 7 M 9 =0
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The determinant formed from the coefficients of the unknown state parameters in the system of equations ( 9) is written as equ.(10). R111115  y10  010  R13  R14  0  0  0 0  -Q17 _0  17  Q17  Q17  417  Q17  y1  01  R3 A0  R6  mR7  M9  M9  m9 m9  m9  9   1) and iterative search method.
An -0 (11)
The vibration modes of the rotors are computed using the following formulas: gives the frequency equation, which may be used to calculate the critical speeds by and iterative search method. An -0 (11) The vibration modes of the rotors are computed using the following formulas: gives the frequency equation, which may be used to calculate the critical speeds by parameters from equ.( 91, the vibration modes will be calculated.
The calculated critical speed variation curves caused by high pressure rotor and those caused by low pressure rotor, and the given speed relating curve of these two rotors n H =f(n L ) are all plotted in fig.5 . The critical speeds determined from the intersection points of the critical speed curves with the speed relation curve are n Lc =9,800 rpm, n Hc =10,350 rpm, 650 rpm, nR0 =10,950 rpm.
The vibration modes of these two types of criticals are nearly identical. The vibration modes of the rotor system at the criticals excited by the low pressure rotor is given in fig.6 . Ex .2. Calculate the critical speeds, vibrating modes and unbalanced response for unit (1. gm.cm ) unbalance at stations no.1. 30 and 35 individually of the rotor system shown in fig.7(a) Let the unbalanced force at the x-th station to be q x=mxec22 . For simplicity the damping forces are not considered here. The rotor system is partitioned into two single rotor shafts I and II, which have 35 stations where station 5 and station 31 coinside originally. There are 8 unknown initial parameters: y 1 , 0 1 , R 5 , M5 , 11 13 ,R24, There are ten linear equations, from which ten unknowns may be solved. The unknown state parameters in equ.(15) may be solved from these equations.
When calculating the critical speeds set q 1 =q30=q 35 =0, the frequency equation will be found to be will be obtained. The first three critical speeds obtained are: n c1 =5,382rpm, nc2 = 32,258rpm, and n c3=65,212 rpm.
If the first three disks and the shaft segments before station 10 are replaced by one disk possessing the same inertia of the disks and shaft segments at station 10, the first three criticals will be: n 01= 7 ' 897 rpm n 02= 32,773 rpm , n c3 =65,709 rpm. It is obvious that the first critical speed calculated The mode shapes of the first three criticals are plotted in fig.8 .
The unbalanced responses of stations 18 and 35 excited by the unbalanced force q35.1S2 2gm.cm/sec2 are given in fig.9 .
The unbalaneed presponses of stations 18 and 0 excited by the unbalanced force q30=1 ,(2 2gm.cm/sec 2 are given in fig.10 .
Because the rotor system considered is a linear system, the responses excited by some unbalanced forces other than 1S2 2 gm.cm/sec 2 and the total unbalanced responses excited by several unbalanced forces acting at different stations may be computed by linear combination method.
SUMMARY
When the substructure transfer matix method is used for rotor analysis, the complex composite rotor system should be decomposed into several single rotor shafts, and each single rotor shaft is divided into many elementary rotors with the station numbers. The transfer matrix of the elementary rotor is used for calculation. The transfer matrices of all elementary rotors are of the same patterns. This makes the program much simpler than that of prohl and Myklestad transfer matrix method in which the point matrices and field matrices are used.
In general, the substructure transfer matrix method has the same accuracy as Prohl and Myklestad method, but is much simpler, more intelligible and more easily programmed; And it needs less computing time.
In case of rotor systems having many supports with large stiffness coefficients, large stiffness coefficients will apear in the transfer matrices when the calculation is carried on with Prohl and Myklestad transfer matrix method. This leads to lowering calculating accuracy. However, in the substructure transfer matrix method,unknown supporting forces may be used in stead of support stiffness, the above mentioned condition will not occure, therefore, in these cases the calculation with substructure transfer matrix method has higher accuracy.
The substructure transfer matrix method uses fewer degrees of freedom, less computing time and less computer capacity than the modal synthesis method for dynamic analysis of complex rotor systems.
